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Introduction

Analytical models describing the rotation of celestial bodies with a viscous fluid core
commonly assume a simple motion for the fluid - a solution originally derived by
Hough[1] and Poincaré|2| for a perfect (inviscid) fluid. In these models, referred to
CMF models, viscosity is subsequently introduced through a friction torque at the
core-mantle interface, which depends on the differential rotation between the core and
the mantle, such that I' = k.(w. — w;,).

We propose a new analytical model in which the fluid core motion is described more
realistically through a solution of the linearized Navier-Stokes equations. Our method-
ology is inspired by the work of levleva|3, 4|, who studied the motion of a pendulum
containing a spherical cavity filled with an incompressible viscous fluid. We will exam-
ine the effects of this change on planetary rotational dynamics.

From levleva’s pendulum to celestial mechanics

Hypotheses
e Rigid axisymetric ellipsoidal pendulum and spherical cavity
e The pendulum, which is similar to a top, undergoes small oscillations in addition to its proper rotation

Two equations : linearized Navier—Stokes and angular momentum theorem
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e u : relative velocity field of the fluid e Ly : angular momentum of the entire body as it was an entire solid body

e w : angular velocity of the solid e £ : relative angular momentum contribution from the fluid core

o P & v : effective pressure field & kinematic viscosity e M : Gravitational torque

Projection onto vector spherical harmonics

Radial : Yy, = Yy, e, Toroidal : Wy, = rVYy, Poloidal : ®4,, = r x VY,
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Problem : recursive coupling

fom and g9, depend on hy,, and hs,,; by recurrence, hy,, depends on all odd-degree hy,,:

him <— {foms Gom} — {him, P3m, Psmy - - - }

Ievleva’s hypothesis

gom = 0 = hy,, decoupled from the hierarchy

This cancellation breaks the recursive chain: hy,, is now accessible independently of hs,,, hsp, . . .
The mode / = 1 of the toroidal projection of the Navier-Stokes equation
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Why this matters

The fluid angular momentum reduces entirely to the £ = 1 toroidal mode:
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The angular momentum of the relative motion depends only on the two toroidal components of order ¢ =1

Numerically tested model

[evleva’s model —-—+ BL model -==-=Numerical model
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Dissipation, averaged over one libration period and normalized by the square root
of the Ekman number, as a function of A = o /@, — the ratio between the forcing
frequency o and the mantle’s natural angular frequency @w. — for different Ekman
numbers. For B, > 1072, Ievleva’s solution agrees very well with the numerical one,

unlike the boundary layer model (BL)[7]. For Ej, < 107*, it remains close to the BL
solution for A > 0.5, where the latter agrees with the numerical model.

Ievleva’s solution appears to remain valid for all Ekman numbers
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Comparison with the CMF Model

Angular velocity of the fluid core

107 —— [ —ows Angular velocity of the fluid core
. - 3?0—0-125 as a function of the radial co-
| S =05 ordinate for different viscosities.
E0,6_: The CMF model assumes a uni-
% | o ?ﬁ??nﬁjel form angular velocity within the
0.4 core[8], and introduces a discon-
1o tinuity at the core-mantle inter-
| | face. DBy contrast, in levleva’s
0.0 oo 5~ rn()del7 the fluid follows the man-
0.0 02 04 T/RCOB S 08 10 tle motion at the boundary:.
The connection between the CMF model and Ievleva’s model
10X \/ v/(R20)
k. =10C. for all viscosity
1 —10% \/ v/(R o)
Y. is a function of the spherical Bessel functions
C. L Ce / .
k.= 35?” at high viscosity k.= 5§\/1(77 at low viscosity
C C

The parameterization of k. makes the model straightforward to implement

Application to Mercury

The measurements are in sray ([5] and references therein) The measurements are in blue (|8] and references therein)
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By combining the constraints obtained from both the orientation of the body (right

figure) and the libration amplitude (left figure), we derive a viscosity range, for this
model, extending from ~ 10* cm?s™! to 2 x 10°cm?s™! for Mercury.

This model provides a range of solutions that fits both observations

Key results and future research directions

e The formalism is robust regardless of the core viscosity regime, from nearly
inviscid to strongly dissipative fluids

e Solutions keep the same analytical structure as earlier models, making the ap-
proach directly usable

¢ A single viscosity simultaneously reproduces the libration and the Cassini state

e A future introduction of electromagnetic friction, along with a new core geom-
etry, may change the viscosity value predicted by the model presented here

e Extend levleva’s method to include a solid inner core
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